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IVB  KUKDAPY  IATSR  OH  A  COSE  U  A  SPTZCOBIC  AXB  3TOSW 

at  zsrc  fsaz  o?  ajta:::. 


(Die  laninare  Ormxachicht  bei  einm  nit  lTberechailgee<tfiHlndigiDelt 
angeetr&xton  nicktangostellton  lireiakegel) 


This  report  imoostratea  that  the  integration  at  the  equations 
for  the  lml par  boundary  layer  on  a  cone  in  a  supersonic  air 
e treat*  can  be  reduced  to  the  equatio  n  for  the  flat  plate.  The 


oinple  result  is  obtained,  t£at  or  the  oone  the  boundary  layer 

•  /  2 


in 


y  ±  1/  r  - 

different  by  ^  TffWF*  fa  c capered  to  the  plate ,  '  The 


friction  coefficient  and  the  heat  transfer  coefficient  are 

2 


greater  by  the  factor 


^<>wj IaJ  ^JA-*  4 u 


L-~ .\~ 


/ 


If  a  circular- base  cone  is  placed  n  a  supersede  axial  flow,  then 
a  conical  shoe":  front  appears,  behind  which  again  potential  flow  in  found, 
aa  long  aB  friction  is  net  taken  into  occdbmt .  The  flow  behind  the  shook 
forsae  a  conical  fie3d#;  that  is  to  say,  comtant  pressure,  density  and 
velocity  are  round  al^ng  all  straight  lines  through  the  apex. 


Kcrv,  let  us  dlectua  the  laninar  boundary  layer  on  the  cone.  Let  the 
cxis  of  the  cone  be  the  positive  x  axis  of  a  Cartesian  eyrrtae  of  co- online  tee, 
vith  the  coex  of  the  cane  as  ita  origin.  Let  us  introduce  the  spherical 
co  ordinatee  r,  &  ,  <£,  by  the  relatione: 

x  -  r  coc  & ,  y  =  r  sir coe  ,  z  -  r  sin  d  sin  . 

X 

4.  B’jsmann:  Drflc’ce  auf  XogelfSneige  Spites©  bei  Bevegoog  Bit 
DberechaUgoschvinii-^eit.  ZA M,  Volume  9  (1929),  book  6,  p. 
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Lot  a  ®erldian  piano  throat  the  cotir  of  tho  <ymc  'be  dee'  .ibed  by  a  pair  of 
straight  lines,  d  «  9  cm  t be  oaao's  surface.  Let  U  and  Y  bo  the  Telocity 
components  In  the  norlilan  piano,  U  In  the  direction  of  r  and  Y  Dorpendloular 
to  this  direction  (Figure  1).  Due  to  the  rotational  a/SKetry,  no  oospcnsot 
nomal  vo  tMs  plane  is  found. 


The  differential  equations  for  tbo^lazalnar  boundary  layer  aio  obtained 
In  the  usual  nannar  from  4  ho  oquatlone  of  notion  for  a  viscous  fluid  by  a 
Uniting  process  with  respect  to  mulshing  viscosity.  If  ve  assone  bora 
that  the  order  of  the  aagoltudee  appearing  in  the  boundary  layer  of  the 
oooo  ?o  BM-intHined  in  the  differentiation  vlth  respect  to  r,  but  that  It 
is  decreased  by  1  in  tbs  differentiation  vlth  respect  to  d  ,  then,  . 
considering  that  the  pressure  on  the  surface  of  the  cone  is  cone  tent,  the 
differential  equations  beotas: 


(U 


There  p  denotes  the  density,  1  the  enthalpy  (heat  content),  X  the  t*  ,mel 
conductivity,  and  p  the  friction  coefficient  of  tbr  gas  under  consideration. 


Let  the  cpoclf.c  heat  c  and  the  Prandtl  rm-er  <7  = 

? 


lut. 


be  constant. 


X  and  p  are  tie  vell-knovn  functions  of  the  tsiperature  T,  or  of  1,  vlth 


1  a  c  T.  The  one  holds  for  p  since  the  yressure  in  the  t  radary  layer 

TTi  • 


Is  constant. 


Section  through  the  axis  of  a  cane  ha  axiel  flow  with  acHpreesissi  • 
0,  =  velocity  along  the  surface  of  the  cane  in  the  potential  flov 

behind  tho  shoe-:. 


•et  us  nev  decraotrate  that  the  integration  of  equation* (1)  for  the  «■ 
Ln  axial  supersonic  flew  can  be  reduced  to  the  integration  of  the 
aquations  'or  tho  laainar  boundary  layer  on  a  flat  plate.  With  the 
:arteeian  syston  of  co-ordinatoe,  the  poaiti-r?  x  axis  of  which  is 
in  tho  plate,  tho  y  axis  narrual  to  the  plate,  end  the  origin  of 
lies  at  the  fomaost  point  of  the  plats,  thee®  equation  are: 


V'  *  r.$ 


<2) 


| mr0f  p  9  c?  denote  the  sane  sv^tudee  as  abore.  u,  ▼  are 

tbo  velocity  cceponante  in  the  direction  of  the  x  and  y  axle.  Lot  us 
4«caBtmt«  first  that  for  the  flat  plate  it  la  pe-aiaeihle  to  apply 
the  essmpticn  vhich  is  correct  for  lnconpreeeible  flow,  to  compressible 
boundary  layer,  also,  i.e.,  u  and  1  ore  functions  of  the  single  indapiodant 
tari able  X  -  rt  ■  In  a  prerioua  treatise*,  ve  integrated  +h.  aye  ten 
of  equations  (2)  by  esucoinG  that  i  ia  a  function  of  u  only.  Severer, 

Yith  the  result  thus  obtained,  ve  could  derelop  our  calculations  far 
u  =  u  (X  )#  than  also  for  1  =  i  (X  )• 

Sou,  if  vc  use  u  =  u  (X  )  and  i  =  *  (X  ),  ^  Uroctl?  frm 

▼  X  ,.44A. 

tie  second  equation  of  (2)  that  t  has  a  fans  of  ▼  yy-  • 

that,  the  set  of  equations  (21  la  tranefomod  into  uhn  oystm  of  cccnon 

differential  equations: 


(3) 


*  V  HsaUache  and  H .  Vaalt:  Zm  ZMpromi'b  i  U  t&tee  influx  ^ldef^ 

<ter  *«*  PtatU-  *»-*  4-  iWrtach“ 

Lsftfahrtforecfanng,  p.  517. 


*  In  order  to  doacnetrate  that  tbs  Integration  of  the  equation*  (X)  om 
else  be  reduced  to  a  xjvtm  of  the  for*  (3),  let  us  first  vrite  in  an 
emlogoufi  jammer  U  »  U  ( X  }  and  1  -  i  { X  )  vfcoro  X  is  oarreepondlngljr 
aaansaed  to  be 


r  (  £  -  d  ^ ) 

*  “  “  7——  =  V” r  ( &  ~  &  )  •  Again,  v  = 

V  r  r  y  F 


obtains  the  equations: 


and  aae 


By  a  ainple  traae? omati on  of  the  dependent  sad  independent  Tariablee: 


( x  )  =  )f~W  ,  7  (x  )  *  |TT  |v 

ve  obtain  a  aystec  of  the  fora  (3): 


(X  )  - 1  x  U 


The  boualary  conditions  for  thio  sy^ten  of  caemi  differential  equations 
on  the  surface  of  the  cone  (  5T  *  are  U  =  Q,V  *=  0  (since  7  »  0) 
and  a  coalition  n  1  or  ,  depending  on  the  type  of  the  special 

pro'olan.  If  the  tasporature  la  predetermined,  than  i  la  girsn;  if  the 


tart  tnrttar  H.  tta.  ^  Is  JlTOU. 

« 

«  o  for  X  -  0  corroepovde  to  tbethsmonsUr  problan  (unbsated  or 
tn  irOnl  aoBo)#  Furthansore,  U  sad  1  at  tbs  edge  of  tbs  boaodaiy  layer 
■Vt  n  Qi  1  w  tbo  Tolas*  of  tbo  potential  flow  an  the  0000 ,11^.  end  i^. 


2k  order r  to  obtain  esa  Integral  of  (5),  w»  proofed  in  tbo  following 
nr.  At  tbo  earroopaaAl&g  boundary  conditions: 


«o  ooarsh  for  a  solution  of  tbo  differential  equation  (3)  of  tbs  flat 
pinto.  If  this  boo  tbo  foae  u  °  u*(X  ),  ▼  ■  ,  and  i  *  i*(X  ), 

vo  obtain  tbo  solution  for  tbo  ease  in  tbo  foam 


Op  f0Z%  of  this  solution  sbovs  that  as  a  function  of  X  or  X  ,  respectively, 
tbs  velocity  profile  (u-caapceu/nrt)  and  the  taraperaturo  profile  in  the  boundary 
lajsr  of  the  plate  coincide  vlth  those  in  the  boundary  Layer  of  the  sons. 
Howrar,  for  anall  &  -  9  Q  ,  X  exA  X  are  different  by  \  3  only, 
osglscti^  the  chosen  eo-ordimvtes .  Thus  the  boundary  layer  an  tbs  eons  is 
distorted  by  the  factor  ^  as  ocnpared  to  the  boundary  layer  an  thu 

plats.  Tbs  dependency  of  tbs  enthalpy  i  »  o^T  upon  u  la  the  boundary 
I*.***  t*  thrt  nijrta  ooiMiidsia  xaatlr  with  that  upon  U  in  tbs  esse  of  tbs  oans 


layer  of  tbs  plate  00 lac  ides  coaetly  with  that  upon  U  in  tbs 

S 


The  shearing  otrooe  xt,  the  cone 


at  the  aaaso  x  r.  Hcveror,  the  nean  friction  coefficient  beccssw 
different  by  the  factor  |  yT“  “  ocepored  to  the  Talue  for  the 

plate,  because  of  the  different  rule  Of  definition* 


L  »  leagtb  of  the  plate,  err  length  of  the  ganeratrix  of  the 


surface  of  the  cone. 


Finally,  let  us  state  the  affect  an  the  heat  transfer  coefficient, 
vhioh  le  analogous  to  that  on  the  friction  coefficient.  The  bocal  beat 
transfer  coefficient  on  the  cone  is  greater  by  the  factor  fT"  than  that 
an  the  plate,  the  raeon  heat  transfer  coefficient,  v  j  fT  • 

Thus,  the  result  for  the  laminar  boundary  layer  an  the  flat  plate  w* 
in  this  raasr  be  applied  directly  to  the  cone  in  a  supamcmic  air  etvm. 
Here  the  caretant  velocity  an  the  surface  af  the  ocoe  in  thr  potential  Urn 

WtiM  the  cccLpreselcn  shook  is  to  be  employed  as  the  reference  ▼elooity, 

%  (figare  1). 


